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Non-commutative QED would lead to deviations from the Standard Model depending on a new energy scale ΛNC and a
unique direction in space defined by two angles η and ξ . In this analysis, η is defined as the angle between the unique direction
and the rotation axis of the earth. The predictions of a tree level calculation for the process e+e− → γ γ are evaluated for
the specific orientation of the OPAL detector and compared to the measurements. Distributions of the polar and azimuthal
photon angles are used to extract limits on the energy scale ΛNC depending on the model parameter η. It is shown that the time
dependence of the total cross-section could be used to determine the model parameter ξ if there were a detectable signal. This
is the first experimental study of non-commutative QED at an e e collider.+ −
 2003 Published by Elsevier B.V. Open access under CC BY license.1. Introduction
Recently, there has been increasing interest in the-
ories with non-commutative space–time geometries.
The idea of non-commutative geometry is not new.
It was studied in the 1940s as a possible means of
regularising divergences in quantum field theory [1].
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20 Now at RWTH Aachen, Germany.More recent interest is related to the possibility that
non-commutative geometry may arise in string theory
through the quantisation of strings in the presence of
background fields [2].
In a quantum field theory of non-commutative
geometry the space–time coordinates are represented
by operators Xµ satisfying the relation:
(1)[Xµ,Xν] = iθµν,
where θµν is a constant antisymmetric matrix, hav-
ing units of (length)2 = (mass)−2 ∼ 1/Λ2NC. This in-
troduces a fundamental scale, ΛNC, representing the
space–time distance below which the space–time coor-
dinates become fuzzy. Its role can be compared to that
of the Planck constant h in ordinary quantum mechan-
ics, which quantifies the level of non-commutativity
between coordinates and momenta. Although there is
no a priori prediction for the scale ΛNC, it might be at
the level of the Planck scale [3,4]. However, in light
of recent progress in string theory and theories with
large extra dimensions the energy scale at which grav-
ity becomes strong could be ofO(TeV). It is therefore
conceivable that ΛNC could also be at the TeV scale
and that the effects of a non-commutative geometry
might be observable in present or planned collider ex-
periments [5].
A non-commutative Standard Model has not yet
been formulated. Only QED with non-commutative
geometry (NCQED) exists [6]. This theory is known
to be invariant under U(1) gauge transformations
and renormalisable at the one-loop level. However,
problems in the calculation of higher-order corrections
have been pointed out [7]. Moreover, there are some
limitations in the existing NCQED, for example,
184 OPAL Collaboration / Physics Letters B 568 (2003) 181–190only charges 0 or ±1 are allowed and consequently
quarks are not incorporated in the theory. Despite
these limitations we choose to take the tree level
calculation of NCQED as a test bed for the study of
non-commutative quantum field theories. There are
a number of general studies of Lorenz violating [8]
and non-commutative QED phenomenologies [3], and
specific studies for high energy linear colliders [5,9–
11]. Limits have been obtained at low energy using the
Lamb shift [12], the Aharonov–Bohm effect [13] and
clock comparisons [14] under specific assumptions.
This Letter presents the first study of NCQED at a
collider experiment.
In NCQED each eeγ vertex involves a kinematic
phase factor e
i
2p
µ
1 θµνp
ν
2 , where pµ1 , p
ν
2 are the elec-
tron momenta. In addition, there are non-Abelian-like
3γ and 4γ self-couplings, which are proportional to
the kinematic phase. The amplitude of a scattering
process therefore depends not only on the kinematics
of the initial and final state particles, but also on the
matrix θµν which can be decomposed into two inde-
pendent parts [5,15]: electric-like components θE =
(θ01, θ02, θ03) and magnetic-like components θB =
(θ23, θ31, θ12). The matrix θµν is constant and frame-
independent, which leads to violation of Lorentz in-
variance; θE and θB can be considered as 3-vectors
which define two unique directions in space. The char-
acteristic properties of NCQED may thus be observed
as direction-dependent deviations from the predictions
of QED. If observed, the unique directions could be
inferred. This can be regarded as an analogue of the
Michelson–Morley experiment.
In this Letter, a purely electromagnetic process
e+e− → γ γ is studied using the high-energy e+e−
collision data collected with the OPAL detector at
LEP. The theoretical calculation corresponds to tree
level (e+e− → γ γ ). The experimental selection in-
cludes higher orders (e+e− → γ γ (γ )) and the mea-
sured cross-sections are corrected to tree level assum-
ing ordinary QED. Missing higher-order effects on this
correction are taken into account by a 1% systematic
uncertainty on the cross-section.
2. e+e− → γ γ in NCQED
In NCQED three diagrams contribute to the process
e+e− → γ γ at the tree level. Two are similar to theordinary pair-annihilation diagrams of QED, but with
a kinematic phase at each vertex. The third diagram
is an s-channel photon exchange with γ γ γ self-
coupling. The differential cross-section for e+e− →
γ γ in NCQED at tree level is given by [15]
d2σ
d cosθ dφ
= α
2
s
1+ cos2 θ
1− cos2 θ
(2)× [1− sin2 θ sin2 ∆NC],
where θ and φ are the polar and azimuthal angles
(with respect to the outgoing electron beam) of the
final state photon with 0  cosθ  1, α is the fine-
structure constant and s is the centre-of-mass energy
squared. This is similar to the QED expression but
with a correction arising from NCQED represented
by the term in square brackets. The parameter ∆NC
is given by
∆NC =− s4Λ2NC
(c01 sin θ cosφ + c02 sin θ sinφ
(3)+ c03 cosθ).
Here we have introduced new dimensionless parame-
ters, c0i , defined by
(4)θE = 1
Λ2NC
cE = 1
Λ2NC
(c01, c02, c03)
where ΛNC = 1/√|θE | and c0i are components of the
unit vector cE pointing to the unique direction in the
coordinate system of the experiment. At tree level the
process e+e− → γ γ is sensitive only to θE , not to
θB . For final state photons which are not back-to-back
small effects from the magnetic-like components θB
could occur which are neglected in this analysis. Note
also that the effect of NCQED on the cross-section for
this process is always negative with respect to QED
and that the relative size of the effect is larger at large
production angles due to the sin2 θ term. In general,
∆NC depends not just on the photon production angle
θ , but also on the azimuthal angle φ. This is a signature
of the anisotropy of space–time which is inherent in
non-commutative geometry. Only in the special case
where θE is parallel to the beam electrons (c01 =
c02 = 0) does this φ dependence vanish. Even in the
presence of transverse beam polarisation the QED
cross-section is independent of φ [16].
The unique direction cE is not known. However,
if it exists, it is unlikely that it is fixed to the solar
OPAL Collaboration / Physics Letters B 568 (2003) 181–190 185system or to the earth. Rather it would be natural
to assume that this direction is fixed to some larger
structure in space, e.g., the rest frame of the cosmic
microwave background. We refer to this as the primary
frame. In the coordinate system of an experiment on
the earth, the unique direction will change as the earth
rotates and as the orientation of the earth’s rotation
axis changes due to the movement of the galaxy or
the solar system with respect to the primary frame.
We assume that the latter movement is sufficiently
slow that over the time scale of the experiment the
rotation of the earth is the only relevant motion. This
in turn provides an opportunity to examine the time-
dependent effect of NCQED. In the next section, we
consider how the direction c0i varies as a function of
the earth’s rotation and how ∆NC follows its variation.
3. Vector θE in the experimental laboratory
system
The conventions for the primary (X,Y,Z) and
local (x, y, z) coordinate systems are shown in Fig. 1.
We use right-handed Cartesian coordinate systems
throughout this Letter. For convenience, we choose
the axis of the earth’s rotation to be the Z-axis of the
primary coordinate system. The X-axis points in some
fixed direction which can be chosen arbitrarily. The
unit vector c0E in the primary frame is specified by
two parameters, the polar angle η and the azimuthal
angle ξ :
(5)c0E =
(
sηcξ
sηsξ
cη
)
,
where sη = sinη, cξ = cos ξ and so on.
On the earth, the experiment is located at a point
of latitude δ. The local coordinate system (x, y, z) is
defined such that the z-axis is in the direction of the
e− beam which is in a horizontal plane with respect
to the surface of the earth, the y-axis is vertical and
the x-axis is perpendicular to the y–z plane. This
is, to a good approximation, the same definition as
used in the OPAL experiment.21 The angle between
21 The LEP ring is not precisely horizontal but it is tilted by 0.8◦.
However, for the purposes of this analysis this angle is small and
will thus be neglected.(a)
(b)
Fig. 1. Definition of the two coordinate systems: (a) the primary
frame (X,Y,Z) in which the vector c0E is fixed, and (b) the local
coordinate system (x,y, z) of an e+e− experiment on the earth.
the z-axis and the direction of north is denoted by α
(measured counter-clockwise, see Fig. 1). As the earth
rotates, the local coordinate system moves around the
Z-axis. The time-dependent azimuthal angle, ζ(t), of
the location of the experiment with respect to the X-
axis is given by
(6)ζ = ωt,
where ω = 2π/Tsd with sidereal day Tsd, the time
taken for one complete rotation of the earth around its
axis.
Elements of the vector cE in the local coordinate
system (x, y, z) are obtained by successive rotations
of the coordinate axes [15]:
(7)cE =R · c0E,
(8)R =Ry(α)Rz(−π/2)Ry(−δ)Rz(ζ ),
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cE =
(
sαsδ
cδ
−cαsδ
)
sη cos(ζ − ξ)
(9)+
(
cα
0
sα
)
sη sin(ζ − ξ)+
(−sαcδ
sδ
cαcδ
)
cη.
The elements in the brackets form three constant
vectors which are determined by the location of the
accelerator and orientation of the e− beam at the
experiment. The coefficients of these three constant
vectors depend on the unique direction in the primary
frame (η and ξ ) and the phase of the earth’s rotation ζ .
There are two distinct components, one which varies
with time and one which is constant. When the angle
η = 0, i.e., the vector cE is parallel to the rotation axis
of the earth, the time-dependent component vanishes.
The φ dependence of ∆NC (Eq. (3)) in general exists,
but vanishes in the special configuration where η = 0
and the experiment is located on the equator with e−
beam pointing to the north (α = 0, δ = 0) or south.
The OPAL experiment is located at the latitude δ =
46.29◦ N and the longitude of 6.11◦ E with the angle
α = 33.69◦ [17].
In this analysis, we choose the X-axis to point
in the direction of the vernal equinox in the Pisces
constellation. Due to the precession of the earth, and
other reasons, the direction of the vernal equinox
varies with time over a period of many years. However,
for the limited duration of LEP operation, its motion
can be neglected. In this approximation, the angle ζ at
time t is given by
(10)ζ = 2π
Tsd
(t − t0)+ ζ0,
where Tsd is the average sidereal day (23 h 56 min
4.09053 s) [18], and ζ0 is the azimuthal angle of the
LEP location at time t0, chosen to be the moment
of vernal equinox in 1995: t0 = 21st March 1995,
02 h 14 min (UT) [19]. The angle ζ0 at that time is
ζ0 = 219.6◦. The choice of t0 as well as the direction
of the X-axis is arbitrary. It is used only as a reference
for the determination of ξ . The numerical results
presented below are independent of this choice. Each
OPAL event has a time stamp, so the angle ζ can be
determined for each event.In summary, for the OPAL experiment,
α = 33.69◦; δ = 46.29◦;
(11)ζ = 2π
Tsd
(t − t0)+ ζ0,
while the direction of the cE vector (η and ξ ) and the
energy scale ΛNC are unknown.
4. Data analysis
To search for the effects of NCQED we use
events selected as e+e− → γ γ (γ ) as described in
detail in [20]. The events were collected from a data
sample corresponding to an integrated luminosity of
672.3 pb−1 taken at the highest LEP centre-of-mass
energies, between 181 GeV and 209 GeV, during the
last four years of OPAL operation. The luminosity-
weighted mean centre-of-mass energy is 196.6 GeV. In
total, 5235 events with at least two photons observed
in the region | cosθγ | < 0.93 are selected, where
θγ is the photon angle. No restrictions on either
the angle between the two highest-energy photons
or the number of additional photons are applied.
The estimated background is less than 0.3%. The
excellent uniformity and hermeticity of the OPAL
detector provide a high and uniform efficiency of
98% over the entire range of azimuthal angle φ
and for | cosθγ | < 0.80. Only in the range 0.80 <
| cosθγ | < 0.93 larger corrections have to be applied.
The experimental systematic uncertainties are small,
typically 0.8%. The error on the theoretical prediction
of the Standard Model QED is assumed to be 1%.
This theoretical error arises from the correction of
the observed angular distribution to the Born level
at which the model predictions and measured cross-
sections are given. This correction involves the angular
definition of events with a topology other than two
back-to-back photons. As in [20] the event polar angle
convention chosen is
cosθ =
∣∣∣∣sin θ1 − θ22
∣∣∣∣
(
sin
θ1 + θ2
2
)−1
,
where θ1 and θ2 are the polar angles of the two highest-
energy photons. The event azimuthal angle φ is chosen
to be the azimuthal angle of the photon with largest
cosθγ out of the two highest-energy photons.
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on three kinematic variables: the polar angle θ , the
azimuthal angle φ, and the time via the orientation
angle ζ . For each of these three variables, a fit to
the model prediction is performed with the cross-
section integrated (or averaged) over the other two.
For example, the θ dependence is studied with a
distribution integrated over φ and averaged over ζ .
Similarly, the total cross-section, integrated over θ and
φ, is analysed as a function of ζ . Because the region
of large cosθ is dominated by the Standard Model, the
relative effects of NCQED are enhanced by restricting
the θ integration to cosθ < 0.6, leading to a subsample
of 1800 events.
The luminosity delivered by LEP is not uniformly
distributed over time. On average more data were col-
lected at night than during the day, leading to a de-
pendence of the luminosity on ζ with a variation of
13%. This effect is taken into account in the determi-
nation of the cross-sections. The total integrated lumi-
nosity is determined using small-angle Bhabha scat-
tering in the region 25 mrad < θ < 59 mrad. The ζ
dependence of the luminosity is obtained from the
rate of Bhabha events detected in the electromagnetic
calorimeter (| cosθ | < 0.96) in the same data sample
as used for the analysis. Here we assume that any NC-
QED effects on Bhabha scattering can be neglected
since the cross-section is dominated by forward scat-
tered events for which the effects of NCQED are ex-
pected to be small [5].
To determine limits on the model parameters, a
simultaneous binned log-likelihood fit is performed
to the differential cross-section distributions measured
at eight centre-of-mass energy points and including
systematic uncertainties and their correlations in the
manner described in [20]. To obtain a log likelihood
curve which is approximately parabolic a fit parameter
ε is chosen such that ΛNC = (|ε|)−1/4. The non-
physical region of negative ε is included in the fit
by replacing sin2 ∆NC by − sin2 ∆NC in Eq. (2) if ε
is negative. Integration and averaging of this cross-
section is done numerically.
4.1. The cos θ distribution
Although the NCQED contribution ∆NC depends
on several unknown model parameters (ΛNC, η, ξ ),
the dependence on η and ξ is greatly reduced whenFig. 2. The measured differential cross-section as a function of cos θ .
The points are OPAL data, the solid line shows the Standard Model
prediction and the dashed line corresponds to the 95% confidence
level limit of ΛNC = 141 GeV and η= 90◦.
the cross-section is integrated over φ and averaged
over time (i.e., ζ − ξ ). In this case, the only relevant
kinematic variable in the differential cross-section is
the production polar angle θ , and deviations from
QED depend mainly on the unknown parameter ΛNC.
For the orientation of OPAL the dependence on the
parameter η is very weak. The effects are largest at
cosθ = 0, here the variation of the cross-section with
η is ∼ 0.2%. Therefore, the result obtained on ΛNC
from the cosθ distribution is almost independent of
η. However, this decoupling is accidental; for other
values of α the cosθ distribution might vary by up to
40% relative to the average as a function of η.
The measured cos θ distribution, at the luminosity-
weighted average centre-of-mass energy, is shown in
Fig. 2. This distribution is sensitive to the parameter
ΛNC. Since no significant deviation from QED is
observed a limit on ΛNC is set, assuming η= 90◦. This
yields the most conservative result, since for this value
of η the difference between QED and NCQED for a
givenΛNC is smallest. The fit result is given in Table 1.
The corresponding one-sided limit at 95% confidence
level of ΛNC > 141 GeV shown in Fig. 3 as the dark
grey region is valid for all η and, obviously, for all ξ .
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Results of the fits to the cos θ distribution and the φ distribution at
several values of η. The fit result is given for the fit parameter ε. For
ΛNC the one-sided limit at 95% confidence level is given. These
limits are derived from tree level calculations of NCQED
Fit Fit result [TeV−4] 95% CL limit [GeV]
cos θ distribution
η= 90◦ 947+920−905 141
φ distribution
η= 0◦ −174+703−732 167
η= 30◦ 225+836−841 154
η= 60◦ 1589+999−982 132
η= 90◦ 1866+913−900 131
Fig. 3. One-sided 95% confidence level limits on the energy scale
ΛNC as a function of the angle η. The light grey region is derived
from the observed φ distribution and the η-independent limit shown
in dark grey results from the observed cos θ distribution.
4.2. The φ distribution
As discussed above, a φ-dependent cross-section is
a characteristic signature of NCQED. The φ-depen-
dence arises from the x and y components (c01, c02)
of the vector cE . Since these components have a time-
independent component (Eq. (9)), some φ-dependence
remains even if the data are averaged over all ζ .
However, for certain values of η, depending on the
orientation of the experiment, the φ-dependence is
washed out completely. In the configuration of the
OPAL experiment at LEP, such a cancellation occurs
for η≈ 55◦ (or 125◦) as can be seen in Fig. 4.
Fig. 4 shows the measured φ distribution, at the
luminosity-weighted average centre-of-mass energy,Fig. 4. Measured φ distribution. The points are OPAL data and
the solid line the Standard Model prediction. Expectations from
NCQED are shown for the best limit of ΛNC > 167 GeV at η = 0◦
and the best fit at η = 90◦ which yields ΛNC = 152 GeV. The φ
independent distribution at η= 55◦ is shown as well.
for e+e− → γ γ integrated over cos θ < 0.6 and aver-
aged over time. From this distribution 95% confidence
level lower limits on ΛNC are obtained as a function
of η and independent of ξ . Table 1 summarises the
fit results for four values of η. For η = 90◦ the best
fit is two standard deviations away from the Standard
Model. The result of that fit with a central value of
ΛNC = 1866−1/4 TeV= 152 GeV, as well as the limit
for η = 0◦ are shown in Fig. 4. For illustration the φ
independent expectation at η = 55◦ at a low scale of
ΛNC = 120 GeV is added to the plot. Limits for all
values of η are shown in Fig. 3 as the light grey re-
gion. The limit is strongest for η = 0◦ and weakest
for η = 73◦. For some values of η the modulation in
φ is small and sensitivity is lost due to the integra-
tion over cosθ , leading to a large uncertainty on ε.
A better strategy would be a two-dimensional fit to
d2σ/d cosθ dφ. This analysis could be performed in
several bins of ζ to avoid the loss of information due
to the integration over time. However, such an analysis
is not feasible given the available data statistics.
4.3. The total cross-section
The limits given above are obtained from time-
averaged distributions and hence give no information
about the third model parameter ξ . This information
could be provided by the total cross-section which
OPAL Collaboration / Physics Letters B 568 (2003) 181–190 189Fig. 5. Total cross-section as a function of the time-dependent
ζ − ξ . The points are OPAL data and the solid line represents
the Standard Model prediction. To guide the interpretation of the
data the expectations from NCQED are shown for a low scale of
ΛNC = 120 GeV. Three values of η (0◦ , 55◦, 120◦) are shown.
depends on ζ − ξ . However, any limit on ΛNC
determined from the total cross-section in dependence
of ξ would be weaker than the limits given above,
since the differential cross-sections in cosθ or φ
provide the strongest sensitivity to the scale ΛNC. But
if a signal were observed, the unique time structure of
the total cross-section would allow the determination
of the angle ξ .
Fig. 5 shows the total cross-section, at the lu-
minosity-weighted centre-of-mass energy, integrated
over θ and φ, as a function of the time-dependent
angle ζ . The distribution has a χ2/dof = 39.9/30
with respect to the Standard Model expectation which
corresponds to a probability of 11%. Since no signal
is observed in either the cos θ or the φ distribution, no
attempt is made to extract ξ from a fit to the measured
total cross-section. However, examples of two model
expectations are shown in Fig. 5 together with the time
independent case of η= 0◦.
5. Conclusion
Non-commutative QED would lead to deviations
from the Standard Model depending on some energy
scale ΛNC and on a unique direction in space given
by the angles η and ξ . The experimental signature
of such a theory for the process e+e− → γ γ wasevaluated for the orientation of the OPAL detector
and compared to the measurements. No significant
deviations from the Standard Model predictions were
observed. Distributions of the photon angle θ were
used to extract a lower limit on the energy scale ΛNC
of 141 GeV at the 95% confidence level, which is
valid for all angles η and ξ . Using the φ distributions
this limit was improved for some values of η up to
ΛNC > 167 GeV. The total cross-section gives weaker
limits but its time dependence could in principle be
used to determine the third model parameter ξ if a
signal were observed. Note, however, that these limits
are only valid for the illustrative model based on a tree
level calculation which is considered here. This is the
first study at an e+e− collider experiment to consider
the time and azimuthal angle dependence which is
characteristic of NCQED.
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